Abstract. We give an explicit Lie model for any component of the space of free and pointed sections of a nilpotent fibration, and in particular, of the free and pointed mapping spaces. Among the applications presented, we obtain a Lie model of the exponential law and prove that, in many cases, the rank of the homotopy groups of the mapping space grows at the same rate as the rank of the homotopy groups of the target space.
Introduction
Let F → E p → X be a nilpotent fibration of nilpotent spaces in which the base is a finite complex. The purpose of this paper is to give a new way to compute the rational homotopy type of the space Sec σ (p) (resp. Sec may choose (B ⊗ C * (L), D) to be a quotient of a cochain algebra on a Lie model of the total space and therefore its differential satisfies Dv = dv + Dv + b where b ∈ B, Dv ⊂ B + ⊗ V . We denote then by B # the dual coalgebra with comultiplication ∆, and by ϕ : B ⊗ C * (L) → B a model of the section σ. From ϕ, we deduce the following twisting function:
−→ L in which ξ : ΛsL → sL is the projection on the indecomposables. We then make Hom(B # , L) a differential graded Lie algebra by defining the differential and the bracket as
Our main result then states (see Theorem 10 for the precise statement and the corresponding version for the pointed space of sections):
Theorem. The DGL Hom(B # , L) is a Lie model for the space Sec σ (p).
Due to the naturality of this construction, it gives directly a description of the evaluation fibration Sec * σ (p) → Sec σ (p) → F (Theorem 14), and an exponential law exp : map(X ×Y, Z) → map(X, Z Y ) corresponding to the topological one (Theorem 17).
Moreover, being within the Quillen covariant approach to rational homotopy, these new models enable us to extract information deeply hidden in the Haefliger model, and explicit computations concerning the homotopy groups of the space of sections can be made (see Proposition 18 below). In particular we are able to show that, for coformal spaces Y of finite Lusternik-Schnirelmann category, the growth rate of the rank of π * map f (X, Y ) is, roughly speaking, the same as that of π * (Y ) (see Theorem 20 for the precise statement):
Theorem. (i) If the image of the twisting cochain is contained in an ideal I with log index I < log index L, then
log index π * (map f (X, Y )) ⊗ Q = log index π * (Y ).
(ii) If the Lie algebra π * (ΩY ) ⊗ Q has an infinite number of generators, then π * (map f (X, Y )) ⊗ Q is also infinite dimensional.
In the next section we present the Sullivan model of Sec σ (p), which better suits our purposes. The bridge between the topology and our model is given by another Lie model of the space of sections which is based on "ϕ-derivations". In the second section we describe our new model and extract some consequences. Finally, applications and explicit computations on the rational homotopy of mapping spaces are given in §3.
Sullivan models for spaces of sections and ϕ-derivations
Our results heavily depend on known facts and techniques arising from rational homotopy theory. All of them can be found with all details in [7] . It is however necessary to make precise what a model for a nonconnected space means as long as all the path components of the considered space are nilpotent. Notice that, under our assumptions, this is the case for Sec(p) and Sec * (p) as [12, Thm.4.1] shows that Sec σ (p) and Sec * σ (p) are nilpotent. In [14] (see also [1] ), Sullivan introduces a couple of adjoint functors,
between the homotopy categories of commutative differential graded algebras and simplicial sets. As in [3] , a model of a general space X as above, not necessarily connected, is a Z-graded free CDGA (ΛW, d) such that its simplicial realization (ΛW, d) has the same homotopy type as the Milnor simplicial approximation S * (X Q ) of X Q . In the same way, a model for a map f : X → Y is a morphism of free CDGA's (ΛU, d) → (ΛW, d) such that its simplicial realization has the same homotopy type as the simplicial map S * (f Q ). Note that, as the realization functor is not, in general, an equivalence, this definition does not preserve quasi-isomorphisms and thus, the model of a given nonconnected space does not provide its rational cohomology algebra (see Example 3). However, as explicitly described just after Theorem 1, it is possible to obtain a Sullivan model of any component X i of X from a given model of X.
We start by introducing the Haefliger model [9] of the space of sections of a given fibration via the functorial description of Brown and Szczarba [2] . From now on, as stated in the introduction, F → E p → X shall denote a nilpotent fibration of nilpotent spaces in which the base X is a finite complex. Moreover, when we deal with pointed mapping spaces or spaces of pointed sections, we assume that the fibre F is simply connected.
Let B be a finite dimensional CDGA (commutative differential graded algebra) model of the nilpotent finite complex X, and let (B, d) → (B ⊗ΛV, D) → (ΛV, d) be a relative Sullivan algebra, or KS-extension, which models the nilpotent fibration F → E p → X. We denote by B the differential coalgebra dual of B with the grading
, the free commutative algebra generated by the Z-graded vector space (B⊗ΛV )⊗B and endowed with the differential d induced by D and by the differential on B . Let J be the differential ideal generated by 1 ⊗ 1 − 1 and the elements of the form
where ∆β = j β j ⊗β j . The map induced by the inclusion V ⊗B → B ⊗ΛV ⊗B ,
is an isomorphism of graded algebras and thusd = ρ −1 dρ defines a differential in Λ(V ⊗ B ) for which:
For the model of the components of Sec(p) and/or Sec * (p) we follow the approach and notation of [3] :
For any free CDGA (ΛW, d), in which W is Z-graded, and any algebra morphism u : ΛW −→ Q consider the differential ideal K u generated by A 1 ∪ A 2 ∪ A 3 , where We now apply this to the following: let σ : X → E be a section of p which is modeled by a fixed retraction
This morphism restricts to an algebra map ΛV → B which determines an algebra morphism denoted also by
Then, it turns out that:
Example 3. Consider the space map(S n , S n ), n odd, n > 1, which is also Sec(p) for the trivial bundle p : 
is modeled by the projection (Λ(x, y), 0) → (Λx, 0) that maps y to q. Note that, although (Λ(x, y), 0) is a model for the function space in the sense defined above,
. In fact, as both map(S n , S n ) and map(S n Q , S n Q ) have infinitely many components, their rational homology in degree zero is infinite dimensional and, therefore, their rational cohomology in degree zero is not countable.
Next, we introduce a vector space which gives, in general, the rational homotopy Lie algebra of Sec σ (p) and, under some conditions, a Lie model for this space. Indeed, we consider the differential graded vector space (Der
. From now on, we restrict to and focus on Der 
in which Z denotes the space of cycles. We shall also denote by δ the differential of this complex.
, the model of Sec σ (p) described above, for simplicity call it d = d φ and, as for any Sullivan model, 
On the other hand, extending [4] we define the following.
Definition 5.
Consider the linear map of degree 1,
This operation induces a bracket in homology with respect to which:
) is a graded Lie algebra. Proof. First, proceeding as in [4, Lemma 10] , it is shown that, given derivations ϕ, ψ ∈ Der
Here, , ; : S × S × Λ 2 S → Q is the usual pairing. As d 2 induces a Lie algebra structure on s −1 H * (S, d 1 ), the lemma follows.
As an immediate consequence, Theorems 1 and 3 of [4] can be extended to:
Theorem 7. As Lie algebras, for n ≥ 2,
while for n = 1,
Here, as for any nilpotent space Z,
It is important to note that, at the chain level, the bracket above does not define, in general, a differential graded Lie algebra (DGL henceforth) structure on
. Nevertheless, the following holds.
has only linear and quadratic differentials, then, given ϕ, ψ, γ ∈ Der
Proof. The first assertion is direct. Via Lemma 4 and formula (1) above, it is a straightforward (but tedious) calculation to show that the second and third assertions are equivalent to
Now we recall the definition of the chain and cochain functors defined in the category of differential graded Lie algebras.
On the one hand, the Cartan-
Here, n i = j<i |sx j |, and
The dual of the construction above is the commutative differential graded algebra From now on we shall write, for convenience,
Then, if we choose a model of the fibre of p of the form ( 
where the last isomorphism is provided by the canonical isomorphism Θ. Next, observe that, as the differential of ΛV = C * (L) has only linear and quadratic parts, so does the differential d φ in ΛS. Finally, it is straightforward, using 
, a finite dimensional model for X is obtained by taking B to be a finite dimensional CDGA quotient of C * (L X ) by some acyclic ideal.
Lie models for the components of Sec σ (p)
For the fibration F → E p → X, and with the notation of the last observation of the previous section, write C * (L) = (ΛV, d) with V = (sL) and L a model of F . As before, let φ : B ⊗ C * (L) −→ B be a model of the section σ : X → E of p which restricts to an algebra morphism (not commuting with differentials!) φ : C * (L) → B. We shall denote byφ the linear map (of lower degree −1)
→ L is the canonical twisting cochain from the Chevalley-Eilenberg coalgebra on L to L. In general,φ is a twisting cochain only when φ, and thus φ commutes with differentials. For convenience, we shall use the same notation for the restriction toφ : B + → L.
Next, in the graded vector space Hom(B , L), we consider the usual bracket
Finally, discard the negative graded part by defining Hom(B , L):
The same process is carried out to define Hom(B + , L). Then, our main result reads: 
and the perturbed differential
where R : B ⊗ L → B ⊗ L corresponds to the operator R through the isomorphism above. Finally, restrict to the DGL L φ : Due to Theorem 9, Theorem 10 shall be established once we prove:
Theorem 13. As differential graded Lie algebras,
Proof. We only show the first assertion as the second has an identical proof. First note that, as graded vector spaces, 
It is worthwhile to mention that in this computation, the fact the following diagram commutes is essential:
Here m denotes multiplication and
Finally, we prove that the isomorphism above commutes with differentials. According to Lemma 4, this is equivalent to the commutativity of the square
+ ⊗ V . From now on, for simplicity in the notation and to make formulas clearer, we shall omit signs and write just ±. However, a careful application of the Koszul convention leads to proper sign adjustments. On the one hand, a short computation shows that
On the other hand,
Now, one easily sees that β θ(d 1 v) = ± v, ∂ sL λ(β) while a direct computation, with the aid of formula (1) and the commutative square above, shows that
and the theorem follows.
Next, we give an explicit and natural Lie model of the classical evaluation fibration.
Theorem 14. The fibration Sec
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To finish, apply Theorem 13 and the result follows.
Mapping spaces
The results proved in the earlier sections give, in particular, Lie models for pointed and free mapping spaces, when applied to the trivial fibration. In fact, let X be a finite complex and let f : X → Y be a map modeled by the morphism φ : 
Remark 16. Note that, for mapping spaces, the differential in these models simpli-
It is convenient to observe that, in the purely algebraic setting, for a given linear map of degree −1, ϕ : B → L between a differential graded coalgebra and a DGL, D ϕ does not define a differential in Hom(B , L). For that, a necessary and sufficient condition is that, with the usual differential D and bracket [ , ] , the Maurer-Cartan equation is satisfied,
Moreover, those maps satisfying the Maurer-Cartan equation are exactly the twisting cochains. With all of the above, we have a covariant algebraic construction to describe the rational homotopy type of mapping spaces and the corresponding evaluation fibrations. As a first strong application we see that the exponential law for spaces can be modeled by the corresponding exponential law in our context.
Let B and C be finite dimensional CDGA models of X and Y respectively, let L be a DGL model of Z and let f : X × Y → Z be a map represented by 
is the DGL isomorphism 
is an isomorphism of differential graded algebras making commutative the diagram
Since rationally, homotopy classes of maps between two spaces correspond in a bijective way to homotopy classes of maps between their models, this shows that Γ is a Sullivan model for exp. Now, using the isomorphism of Remark 11, Ψ can be written as the canonical isomorphism Ψ :
The cochain algebra map C * (Ψ ) is the above isomorphism Γ. Therefore Ψ is a Lie model for exp.
, and higher order differentials have a similar form. From this we see that, in this context, the rate of growth of the rank of π * map f (X, Y ) is the same as that of π * (Y ). Recall that the log index of a graded vector space V is defined as the limit log index V = lim sup
Recall also that a simply connected space Y is coformal if its rational homotopy type depends only on its rational homotopy Lie algebra. In other words, if its minimal model is isomorphic to the cochain algebra on the graded Lie algebra π * (ΩY ) ⊗ Q. Then, assuming X and Y are simply connected, we deduce: (ii) If the Lie algebra π * (ΩY ) ⊗ Q has an infinite number of generators, then π * (map f (X, Y )) ⊗ Q is also infinite dimensional.
Proof. Recall that for any simply connected space Y of finite Lusternik-Schnirelmann category m there are at most m numbers that can appear as log index I for some ideal I in L = π * (ΩY ) ⊗ Q [8] . Moreover, the sum of the ideals I j with log index I j < b = log index L is an ideal with log index < b [8] . Since Y is coformal, a Lie model for Y is (L, 0).
Next, observe that, in the spectral sequence defined above, the image of d 2 is contained in the ideal generated by Imφ and thus, in I. 
which is also contained in the ideal generated by Imφ and thus, in I. As this fact occurs in general at each stage, the log index of the image of any differential d r is, by hypothesis, strictly less than the log index of the complex. Therefore log index E r = log index L for each r. Since the spectral sequence has only a finite number of terms, (i) follows.
For (ii) choose a nonzero cohomology class of maximal degree α ∈ H * (B) and an indecomposable class γ ∈ L with |γ| > |α|+1. Then, α⊗γ is an element of E 2 -term of the spectral sequence which survives at any stage as γ is indecomposable. The result is obtained by iterating the process with a sequence γ i ∈ H * (L) of different degrees.
Observe that the condition Imφ ⊂ I can be weakened, assuming only that a set of cycles representing H * (B) is sent to I viaφ.
